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1 Introduction 
In this paper we consider the following integro-differential equation 
(ax’)’ + ba! + cx 
= flt,x(e), 2'(t), z(a(t)), 2’ (a(t), f i g(t, s,x(s), x'(s), x(6(s)),2'(A(s)))ds}. (1) 


Here a = a(t) is a positive and continuously differentiable function on Ry = (0,00) such that 
a(0) = 1; b(t), c(t) are continuous functions on R4; f and g are continuous on R+ x R5; RÈ x R$, 
respectively; a(t), 3(t) are continuously differentiable satisfying that a(t) < t, B(t) < t; a’(t) > 
0, 6’(t) > 0 and a(t), B(t) are eventually positive. We assume the local existence of solutions 
of the Cauchy problem of equation (1). 

In 2004, Meng!!! studied the asymptotic behavior of solution to 


(ax'Y + ba’ + cx = f |t, z(t), x (t), x (p(t)), 2’ (vo), f g(t, s,x(s), 2’ (s))ds]. (2) 


His results extended those in [2-5]. 
The purpose of this paper is to establish a new integral inequality containing a deviating 
argument and to study the asymptotic behavior and the oscillation of the solutions of (1). 
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We shall prove, under certain conditions, that the solution of (1) behaves asymptotically 


like a solution to the linear equation 
(ax) +br' +cr=0, tE Ry. (3) 


As a consequence, we obtain an explicit asymptotic behavior of the solutions of some special 
types of (1) which shows the oscillatory of those solutions. 

We recall that the initial value problem of (1) is defined as follows (see [7]). 

Let 


inf a(t) = inf B(t) =. 
eee ae eee a 


Let [7,0] = [71,0] N [y2,0] and @ be a given differential function defined on [y, 0]. The initial 
value problem of (1) in the interval (0,7) is to find a function z(t), such that 

(i) 2(0*) = 6(0-), 2’(0+) = 6'(07); 

(ii) 2) = 00), te ly, 0}, j =0,1; 

(iii) (a(¢)z’)’ exist on [0,7) and (1) is satisfied. 

We also assume that the initial value problem of (1) is local existence. In our case, the 
technique depends on a generalization of the famous Gronwall-Bellman and Bihari integral 
inequalities to include the case of a deviating argument, which extends the inequalities used in 
[1-5]. , 

As in [2,3], we suppose that the general solution of (3) is known and for any two linearly 
independent solutions Z1, Z2 of (3), we define 

&(t) 


SORE Z nl) lal + Ne e 


where W(t) denotes the Wronskian of Z, and Z3; 


W(t) = 123 = Zi Zo Æ 0, te R4. 


2 An integral inequality with deviating argument 


In the sequel we will require the following integral inequality, which generalizes those integral 
inequalities used in [2-5]. 

Lemma 1 Suppose that the following conditions are satisfied. 

1) u(t) and a(t) : Ry — R, are continuous functions and a(t) > 1, u(t) and a(t) are all 
nondecreasing on R4; 

2) The functions f(t, s), g(t, s), p(t, s), q(t, s), h(t,s) and m(t,s) : D = {(t,s):0<s< 
t < co} — R4 are continuous and nondecreasing in t for each fixed s € Ri; 

3) a(t), A(t) are continuous differentiable satisfying that a(t) < t, B(t) < t œ (t) > 
0, A(t) > 0 and a(t), B(t) are eventually positive;' 
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4) The following inequality holds for all t € R+, where r, p € (0, 1] are constants 


Laa J f(t,s)u(s)de + I g(t, 8) [u(a(s))]"as 


TEE a(s, r)u(r)dr )ds + T h(t, (f m(s,r) [u(3(r))]?ar Jas. 


Then we have 
u(t) < a(t)E()F()G(t), te Ry. 


Here 


| [1 +(1-r) fe g(t, s)ds]™*, 0<r<l; 
E(t) = 


exp Cj g(t, s)ds), r=], 


[14+ - p) f? © EOFOH (Eml, s)ds] 7, 0<p<1; 
Gu) = 

exp (f? © EQ)F(t)H(t)m(t, s)ds), p=1, 
P(t) = f weoi: HOS f haan 


and œ~! (t), 87-1(t) are the inverse of a(t), A(t). 
Proof By assumptions, we observe that 


J “h(t,s) | i ` m(s,r) [u(B(0))]ar] ds < H(t) Í mean d, 


181 


(4) 


(5) 


(6) 


In fact, u(t), B(t) are all nondecreasing, h(t, s) is nondecreasing in t for each fixed s € R+, so 


we have 
f m(t, s) pi h(s,r) [u(6(r))]”ar]as < 4 [m(t s) [u(@(s))]” a h(s, r)ar] ds 
< | Merd f "mit, s)[u(B(s)) Pas 


< HO) | ml [upe] as. 


Using the similar method we can prove (7), so we omit it here. 


i p(t, (f a(s,r)u(r)dr) ds < P(t) a q(t, s)u(s)ds. 
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Obviously, inequality (5) is valid when t = 0. Now we fix an arbitrary number T € R+. Then 
from (4) we get 


u(t) < a(T)+ J f(T, syu(s)ds + f g(T, s) [u(a(s))]"ds 
t t 
+P) | q(T, s)u(s)ds + H(T) | m(T, s)[u(@(s))]"ds, 0<t<T. (8) 
0 0 


Let 


A(t,T) = a(T) +f F(T, s)u(s)ds+ PCD) f q(T, s) [u(s)]ds 


HET) f mT, 9) [u6] as, (9 
then from (8), (9) we have 
u(t) < A(t, T) + f "G(T, s)[u(o(s))]"ds, O<E<T. (10) 
We can prove thst 
u(t) < A(t, T)B(t,T), t € [0,7], (11) 


where e i 
f1+(1—r) fy”  9(T, s)ds]**, 0<rx<l; 
B(t,T) = 
exp ( dee () g(T, s)ds), r=1. 


In fact, fixing an arbitrary number T from [0,7] then since A(T,T) > 1 and 0 < r < 1 we 
obtain from (10) that 


ut) cay f oT, s)| A J'as, t € (0,7). (12) 


Now (12) is a special case of the well-known Bihari inequality. By simple calculation using the 


results in [6], we have 
u(t) < A(T, T)B(t, T), teo, T]. (13) 


Setting t = T in (13), then we obtain from (13) that 
u(T) < A(T, T)B(T,T). (14) 


Since T is an arbitrary number from [0, T], the validity of (11) is proved. In view of B(T, T) = 
E(T) then we obtain from (11) that 


u(t) < A, T)E(T) = ET)(a(T) + J f(T, s)u(s)ds 


+P(T) f q(T, s)u(s)ds + H(T) f m(T, s) [u(8(s))]”ds). (15) 
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Let 
C,T) = E(T)a(T) + E(T)H(T) Í m(T, s)[u(A(s))]’ds, te [0,7], 


we have 
u(t) < C(t, T) + er) f (f(T, s) + P(T)q(T, s))u(s)ds. 


By the Bellman inequality, we have 


u(t) < C(t, T) exp (ECT) f (F(T, s) + PL)a(T, s))ds), 
that is 7 
u(t) < (B(D)a(T) + E(T)H(T) I m(T,s)[u(6(s))]?’as) F(T). (16) 


Since (t) < t by (16), we get that 


u(B()) < (ET)a(T) + B(T)H(T) ik m(T, )[u(3(s))|"ds) F(T). (17) 
Since a(T)E(T)F(T) > 1 from (17) and using the same methods as above we have 
u(t) <a(T)E(T)F(T)D(t,T), t€ [0,7], (18) 
where 


[1+0 - p) f? © E(T)F(T)A(D) mT, s)ds]™*, 0< p< 1; 
D(t,T) = T 
exp ( SE © ET)FT)H(TmT, s)ds), p=1. 


Setting t = T in (18), and in view of D(T, T) = G(T) we obtain 
uT) < A(T)EDQ)F(T)G(T). 


Since T is an arbitrary number fron R4, the proof of this lemma is now completed. 
Remark 1 The inequality (4) generalizes the inequalities used in [1-5]. 


3 Asymptotic behavior 


Theorem 1 Assume that 
1) f EC(Rx R®,R), 


|f (t, 1, £2, 23, 4,25)| < e1 (t) + r1(¢)|z1| + ra(t)|al + ra (t)læa|? + ra(t)læa|P +rs(t)lzs], 


where 0 < p S 1, e1 E€ C(Ry, R+), ri € (R4, R+), i= 1,2,3, 4,5; 

2) |g(t, S, £1, £2, £3, 24)| < e2(t)+ez3(s)+k1 (t, s)|z1|+k2(t, s)|z2|+k3(t, s)|z3|1+k4(t, s)|ral?, 
where 0 < q S 1, e2, e3 € C(R}, R+), ki(t,s) € (RZ, R4), i = 1,2,3,4 are continuous func- 
tions and are nondecreasing in t for fixed s € R+; 

3) The functions N(t)ei(t), N(t)ri(HE(t), N()re(t)n(t), N(£)ra(t)€?(a(t)), N(t)ra(t)n? (a 
(t)), N(t)rs(t) belong to Lı (0,00), where E(t), n(t), N(t) are defined in section 1; 
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4) The following integrals are bounded as t — oo. 
[ N(s)rs(s)|[ [e1(8) + e2(m)]jdm]ds, 
[aE EB + kalt, 9) fn"(8(8))N es 


[ (este, 5)8(0) + katt, simas: 


Then for any initial function (t) defined on [7,0] there is a solution x(t) of (1) defined on the 
interval [y, 0] U R+ which can be written in the form 


a(t) = A(t)Z,(t) + B(t)Z2(t), (19) 


satisfying the interval condition z(t) = 0(t), t € [7,0], where the limits of A(t) and B(t) exist 
as t > oo. 

Proof Let z(t) be any solution of (1) on the interval [y, 0] U[0, 3) and satisfying the initial 
condition x(t) = A(t), t € [7,0], here 0 < B < +0. Assume that z(t) can be written in the 
form (19), since there are two functions to be chosen, so we may require 


A'(t)Z1 (t) + B'(t)Z2(t) = 0. (20) 


Differentiating the both sides of (19) and by (20), we get 


a(t) = A()Zi(t) + BE)Z(), (21) 

and 

a(t) = A OZ) + B'E ZAC) + AOA) + BO ZL), 

then 
AOZA + BHA) =K, t€ (0,8), (22) 

where 

KW) = Tf [teO.2',2(a().2"(al), f a(¢,5,2(8),2'(8),2(8(8)),2"(B(8)))as], 
a(t) 0 


herein x(t), z’(t) are given by (19) and (21), respectively. Solving A’(t) and B’(t) from (20) 
and (22), and then integrating them from 0 to t we get 


A(t) = A) + f Aas, Ble = B(0) + | a yds 


Setting Q(t) = |A(t)|+|B(t)|, t € [0, 8). Then we have 


* K(s)(|Z1(s)| + |Z0(s)]) 
Q(t) < Q(0) + ; a (23) 
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Applying conditions 1),2) of Theorem 1 to (23), we have 
ate) < Q0)+ [EO |sfo,2(0),2'(@).2(als)),2"(als), 
[| e,m, zm), 2! (on), 2(8(0n)),2!(8(m)))arn as 
< Q(0) + f N(s)[r1(s)Q(s)€(s) + r2(s)Q(s)n(s) + r3(s)[E(a(s))]”[Q(a(s)) 
+ ra(s)[n(a(s))]?[Q(a(s))]? + e1(s)]ds 
+f N(s)}rs(s) | [teats + e3(m) + ki(s, m)Q(s)E(m) + ko(s,m)Q(m)n(m) 
0 0 
+ ka(s,m)(€(B(m))|*[Q(B(m))]? + ka(s,m) [n(8(rn))}*[Q(B(m))| 2am] ds 


< M(t)+ | N(s)[ra(s)€(s) + r2(s)n(s)]Q(s)ds 
+ f N(s)[ra(s)l€(a(s))]” + ra(s)[n(a(s))]}[Q(a(s))]Pas 
+ f Nro J| f (ests, mpe(on) + kals, m)n(en)) Q(mn)arn as 


+ [NOO | f (ale, mE + kals, mI) [Qm] am] as, 
0 0 


where 


t t s 
M(t) = Q(0) + f N(s)e1(s)ds + J N(s)rs(s)( l [e2(s) + €s(m)]dm)ds + 1. 
0 o o 
Then from Lemma 1 we have the following result 


Q(t) < M()EWFOGH), te R, (24) 


where 
fs +- p) fo N(s)[ra(s)[e(a(s))}” + ra(s)[n(a(s))P]as] F, 0< p< 1; 
t) = 
exp (S N(s)fra(s){E(a(s))” + ra(s)inla(s))}P]ds), p=1, 


F(t) = exp (E0 f (N( (s)[ri(s)&(s) + r2(s)n(s)| + P(t) (k(t, m)E(m) + kə(t, m)n(m)))ds) 


1+0- SE O EOFOPE ME, sd] ™, 0<q<1; 
G(t) = 


exp (JE E(t) F(t)P(t)m(t, s)ds), RSR 


P(t) = f N(s)rs(s)ds, m(t, s) = ka(t, s)[€(B(s))]? + kalt, s)[n(G(s))]%. 
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using the conditions 3), 4) of Theorem 1 and above inequalities, and in view of the local existence 
of the solution to (1), we can easily see that 8 = +00, and so the boundedness of the function 
Q(t) on [0, 00) follows from above inequalities, and then it follows that the limits of the functions 
A(t) and B(t) exist as t — oo. 

The conclusions of this Theorem are independent of the choice of the solutions Z(t) and 
Z2(t). In fact, if Z(t) and Z(t) are another two linearly independent solutions of (3), then 
there exist some constants c;, i = 1,2,3,4, such that Z(t) = c1Z,(t) + c2Z2(t), Zo(t) = 
c3Z1(t) + c4Z2(t) when t € R, and here we have 


4 
C= Y [al >0. 
i=1 


Therefore, we have E(t) = |Z,(t)| + |Zo(t)| < CEH, H(t) = ZO+ IZO < Cn(t) for t € Ry 
and the Wronskian determinant W(t) formed by Z,, Z2 can be written as W(t) = KW(t), t € 
R,, where K # 0 is a constant. Hence we can easily see that the applying conditions 3), 4) of 
Theorem 1 also hold when €(t), n(t) and W(t) are replaced by E(t), 7(t) and W(t) respectively. 
The proof is completed. 

Remark 2 If ky(t,s) = ko(t,s) = 0, Theorem 1 implies the main results in [1]. 

Remark 3 If ki(t,s) = ko(t,s) = 0 and r3(t) = r4(t) = 0 Theorem 1 implies the main 
results in [3]. 

Remark 4 If k,(t, s) = ke(t, s) = 0 and rs(t) = 0 or 


f(t, T1, T2, T3, T4, T5) = f(t, T1, T2, T3, La), 


Theorem 1 implies the main results in [4]. 
Corollary 1 Consider the equation 


(az) + ba! + cx = at) f u(t, s)z(s)ds + w(t) f v(t, s)[z’(B(s))]%ds 
+h(t, x(t), x(t), x(a(t)), 2’(a(t))) (25) 


where p € (0, 1] is a constant, and a(t), b(t), c(t), a(t), B(t) are as the same functions as defined 
in Theorem 1, |u(t, s)|, |v(t,s)| are nondecreasing in t for u(t, s), v(t,s) € C(R}, R) and for 
each fixed s and h(t, 71, £2, £3, 4) E€ C(R, x R4, R), O(t), w(t) € C(R,, R). we suppose here 
that 

1) when t€ R, 21,2%2,23,24 E€ R, we have 


|h(t, £1, 22, T3, 24)| < filt)|ei| + fatza] + falas? + falda)? + fad), 


hereO<p<1, fi € C(R}, R4), i= 1,2,3,4,5; 
2) The function N(¢)|A(t)|, N(t)fs(t), N(O)AMEt), NE) fan), and N(t) fs(t)€?(a(t)), 
N(t)fa(t)n?(a(t)), belong to L1(0, 00), here &(t), n(t), N(t) are defined as above; 
3) when t — œ we have 


J lu(t, s)|€(s)ds < co, f lu(t, s)|n®(B(s))ds < oo. 
0 0 


NO. 1 Yuan Zhiling et al: Asymptotic Behavior and Oscillations of Integro-differential Equations 187 


Then the same conclusions as stated in Theorem 1 are valid. In fact, we easily verify by letting 
t t 
E EE ae ane | u(t, s)e(s)ds + w(t) f v(t, s)[z'(8(8))]tds, 
0 0 
and 
t t 
Flt a1, 22, 2a, #4, 05) = OE) f u(t, s)e(s)ds-+w(t) f olt, lo" (a(s))Ias 
o 0 
+h(t, x(t), x(t), x(a(t)), 2"(a(t))) 


in the above theorem. 
Example 1 We consider the equation 


aw” + 3a' + 2x 


= 1 e~ ‘u(t, s)e(s)ds + (1 — sint)e~*a' (t) — 2e~#*x(t) + (1 + cost)e~*[x" (t — n)]? 


—t t 
+e~4 [a(t — r)]? + 2 + f v(t, s)[a"(s—2)]#ds, te Ry. (26) 
0 
According to Corollary 1, here we have 


1 
a(t)=1, q= 3 O(t)=e*, w(t)=1, fy =2e7*, fo =26*, 
~t 


1 
= — —. — = t — = -, 
ryg °H =t-2, BO) Ti SDs 


fs = 2et, fa =< et, fs 
If we take Z1 (t) = e7%, Za(t) = e™t, then 
W(t)=e"*, Elt) =e * +e, nt) =e t+ 2e-%, N(t) =e% + et, 


so that, if u(t, s), v(t, s) : R} — R is bounded continuous function with |u(t, s)|, |v(t, s)| non- 
decreasing in t for each fixed s, then all conditions of the Corollary 1 are satisfied, and then for 
every interval function 6(¢) defined on t € [~2,0], the solution of the equation (26) satisfying 
the initial condition a(t) = 6(t), t € [-2,0] approaches to zero when t — oo. 


4 Applications 


Consider the following equation 
2"(t) + q(¢)a(t) = F |t, a(t), x(t), 2(a(t)), #/(a(t)), 
t 
f| 9(e,8,2(8),2"(8),2(6(8))-2!(6(9)))As], (27) 
where f satisfies the conditions 1)-4) of Theorem 1 and 


5) q(t) tends monotonically to the positive constant w? as t — oo, q'(t) > 0 (or q'(t) < 0) 
for allt € R4. 
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Theorem 2 If the conditions 1)-4) of Theorem 1 and condition 5) are satisfied then every 
solution of (27) is either oscillatory with the sequence of amplitudes tending to a finite limit or 


tends to zero as t — oo. 
Proof Consider the equation 


y” (t) + a(t)y(t) = 0. (28) 


It is clear that this equation is oscillatory!) and every solution has the following property. If 
{tn} is the sequence of the zeros of the derivative y’(t), the sequence of the amplitudes {|y(¢n)|} 
has a positive limit. In fact, consider the Liapunov function 


Wit) = wi + y(t) >0 


By differentiation and using (28), we see that 


d 
wo =- <o. 
Hence W (t) is monotonic decreasing and bounded below. It follows that every solution of (28) 
and its derivative are bounded. Moreover, lim W (t) = a? exists as t + oo. Consequently, 
Y?(tn) > a?, ie, ly(tn)| > |a| as n — oo. It remains to show that a? # 0. For this, 
consider the function V(t) = y’? (t) + q(t)y?(t) > 0. i.e. V(t) is monotonic increasing to some 
positive constant 32. From the equality W(t) = wl), it follows that a? = +4? > 0. Let 
Z(t), Z2(t) be two linearly independent solutions of (28), then according to Theorem 1. Every 
solution of (27) can be written in the form 


x(t) = [a1 Z1 (t) + a2Zo(t)] + 0(1), t— 00, (29) 
where a1, az are constants. Since (28) is linear, we can write (29) in the form 
a(t) =y(t)+o(1), t— oo, (30) 


where y(t) is a solution of (28). From Theorem 2, we see that the sequence of the amplitudes 
of y(t) tends to a positive constants a? (depending on y). The relation (29) gives the required 
result. In fact, the first possibility, i.e., the oscillation of the solution x(t) occurs when (a1, a2) # 
(0,0) and the second, i.e., the tendency to zero occurs when (a1, a2) = (0,0). The second case 
of the Theorem when q’(t) < 0 can be similarly treated. 

Now consider the following special case of (1) 


x"(t)+w°x(t) = f |t z(t), 2 (8), 2(9(0),2/(e(t)), 
f 8,2l), 20), 2l) 2 eas], (31) 
where f satisfies the same condition and w? > 0 is a constant. 


Theorem 3 Every solution of (31) is oscillatory and can be written in the form z(t) = 
A(t) sin(wt + 6(t)), where lim A(t), lim ô(t) exist as t — oo, or z(t) tends to zero as t — oo. 
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Proof Consider the equation y(t) + wy(t) = 0, which has two linearly independent 
solutions Z(t) = sinwt, Z(t) = coswt, for which +, and N(s), &(s) and n(s) are bounded. 
Consequently, Theorem 1 implies 


x(t) = A(t) sinwt + A2(t) cos wt, (32) 


where lim A; (t), lim Ag(t) exist as t > oo. If one of these limits, say lim Ag(t), is not equal to 
zero then (32) can be written in the form x(t) = A(t) sin(wt + 6(t)), where 


A(t) = [A2(t) + A2(t)]?, 6(¢) = arctan | £0], 
Ag(t) 
Otherwise, x(t) has the form (32) and limz... x(t) = 0. 

Corollary 2 From Theorem 2, it follows that for every oscillatory solution of (31) the 
limit of the sequence of the zero points tn of the solution has the asymptotic behavior tn = 
=n+0(1). This generalizes a result obtained in [7] for linear equation x” (t) +w*x(t)+r1(f)2(t)+ 
r2(t)x(a(t)) = 0. The technique here is different and, comparatively, simple. 
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